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Abstract. The technique of the Composite Mesh has been introduced in the 90's, as it can be seen in papers by the authors in the IV WCCM held in Buenos Aires. Since then some developments and applications have been made in several kinds of problems.
The technique -inspired in the mixtures theory of composite material-is based on the utilization of two finite element meshes of different element size sharing the whole domain. Each mesh is endowed with a participation factor. The composite mesh may be used for two different aims. One of them is to provide a posteriori error estimates, and the other one is to reduce the discretization errors thus leading to improved numerical solutions.
For the first case, it is shown that the residues at the connecting points of both meshes serve as a posteriori error estimates being able to detect the regions where mesh adaptation should be conducted. This aspect has been tested in different kind of problems and compared with other error estimates.
The composite mesh may be used also to provide an improved numerical solution. This is performed by a suitable choice of the participation factors. Important reduction in the discretization errors has been obtained for a wide class of problems, including those with border singularities. This improved solutions are obtained without increasing the computational cost as the problem size to be solved is of the same order of that for the fine element mesh.
Applications have been made to elliptic and parabolic problems in regular domains or in the presence of border singularities. Problems from structural mechanics (elastic analysis of plain stress and plates), as well as catalytic chemical reactors have also been addressed.
It can be mentioned that the technique of the composite mesh has been also applied in the frame of multigrid solving, showing interesting reductions in the solution errors, and making use of the fact that mesh with different size are available in the process.
In this paper we make a review of the advances in this technique and present some results on different application areas. We include some results both on error estimation and on solution improvement
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INTRODUCTION
The finite element method is a well consolidated tool for engineering analysis. It provides an approximate solution, the accuracy being governed by parameters like the mesh size or the order of the interpolating functions. The method, to be fully useful, should be able to estimate the errors of the solution. Great effort has been made by the research community in order to develop reliable estimators and practical solution improvement techniques [12, 13, 11] . In seeking error estimates for finite elements, the use of composite meshes has been proposed [9] . It has been realized that this approach could be useful also to improve the numerical solution [9, 2] .
The idea of the method came from the mixture theory for materials composed of several phases. In the mixture theory the properties of each component of multiphase materials enters into the formulation affected by a participation factor [6] . For example a saturated porous soil (water saturated sand soil) is composed of water and sand, and the porosity is the participation factor of water, the soil component being its complement. The physical properties (density, elastic constants, etc.) of each component enter into the formulation multiplied by the participation factor.
Based on the idea of composite materials, we introduced the use of composite finite element models where meshes with different granularity share the same problem domain. The different behaviors of each component mesh are due to the differences in the model accuracy rather than in the material properties. We can think of two finite element meshes bonded together and participating in some proportion. The results are expected to be, in a sense, intermediate between those of the analyses performed with each mesh alone. This is confirmed in the practice, and the difference in the behavior of each component mesh may be used to estimate the approximation errors.
A short description of the composite mesh concept is given in the next sections. Then application to numerical solution improvement are shown for different kind of problems. Finally applications to error estimates are briefly shown.
COMPOSITE MESH
Let T h and T H two finite element meshes with element size h and H respectively, with common nodes. In practice T h may be defined as uniform refinement of T H , where h = H/2, for instance. These meshes are overlapped over the whole problem domain with participation factors α and (1 − α), the former corresponding to the fine mesh ( h ) and the latter to the coarse one ( H ). The case α = 1 leads to the original problem with the fine mesh, whereas α = 0 to the corresponding problem with the coarse mesh [2] , [8] .
Let A h u h = f h be the algebraic equation system to be solved once the finite element method is applied using the fine mesh T h and A H u H = f H the corresponding system for mesh T H . The discrete operator A Hh is defined as the matrix A Hh = P T A H P, being P a suitable prolongation operator:
n h > n H being the dimensions of the discrete spaces associated to both meshes.
A simple way of constructing A Hh is padding with zeros matrix A H in positions associated to non common nodes, so as to get a matrix with the same dimension of that for the fine mesh. In analog way the vector f Hh may be defined.
The numerical solution for the composite mesh u c may be obtained from
The asymptotic error of the finite element approximation has the form [9] u
C being a constant independent of h, but depending of u and its regularity; and being q > p. An extrapolation analysis of the error allows us to obtain the following estimation [2, 9, 10] .
Such a participation factor allows to get improved numerical solutions for the nodal values.
Discrete norms l ∞ ( a ∞ = max i |a i |) and euclidean ( a 2 = ( i a 2 i ) 1/2 ) has been used to measure solution errors.
APPLICATION OF THE COMPOSITE MESH FOR IMPROVED SOLUTION
In this section some application are shown of the technique of the composite mesh where suitable participation factors are selected so as to minimize the discretization errors.
Following equation (4) the optimal participation factor when H/h = 2 is α = 4 3 . This theoretical result is confirmed with numerical experience [9, 7] and α = 4 3 is a good choice allowing to get precise numerical solutions. In fact this is true for regular problems.
In the presence of border singularities or discontinuous parameters, the optimal value for α is different. However α = 4 3 led to improved solutions even for these non regular problems.
Elliptic problems
The first problem to be shown is a Poisson problem over the unit square
where Ω = (0, 1) × (0, 1) and f (x, y) is a polynomial function.
The analytical solution is shown in (Fig. 1) . The point wise exact error for a standard finite element mesh with 40 × 40 elements is shown in figure 2 . Figure 3 (5) mesh has 40 × 40 elements while the coarse one 20 × 20 elements. Figure 4 shows the same errors but the plot has been restricted to common nodes.
The discrete global errors, measured in l 2 -norm and l ∞ -norm are shown in figure 5 versus the number of elements (the number of elements of the coarse mesh, in the case of the composite mesh).
The order of the convergence for the composite mesh is nearly twice that for the standard element meshes.
The example presented is representative of other elliptic problems. In particular 2D and 3D problems have been tested, as well as diffusive and advection-diffusion problems with boundary layers [7] .
Problems with singularities
The order of problems with singularities deteriorates and the estimation made with equation (4) is not straightforward.
For a square problem domain with a variable angle β (Fig. 6 ) the optimum value for α ranges from α = 4 3 to roughly α = 1.7 ( Fig. 7 [7] ). However, even in the worst case, a value Figure 7 . Optimum α as a function of singularity angle β in problem 6 (taken from [7] ). α = 4 3 leads to a better solution than that of the standard finite element case, as can be seen in the same figure.
Problems in linear elasticity
A number of problems of the static response of linear elastic structures have been solved.
As a first problem a plane stress cantilever beam is shown (Figure 8 ). This problem has been chosen because, for the particular boundary conditions, the exact solution is known and it has been used in the literature for error estimation. The square beam of linear elastic material is loaded with shear forces.
Here two kinds of solutions have been obtained: a standard finite element solutions and finite element composite mesh solutions.
The beam was modeled with linear rectangular finite elements. Results have been obtained for meshes with increasing number of elements, from 2 × 2 elements, up to 64 × 64 elements. Fig 8 shows one of such meshes. The analyses for the composite mesh have been performed with participation factors α = 1 2 and α = 4 3 . The case α = 1 2 was expected to give worse results for the same problem The results with different mesh size are summarized in the following figures, for three cases: standard finite element mesh; composite mesh with α = 1 2 ; and composite mesh with α = 4 3 . Global relative errors measured, in the euclidean norm and in the infinity norm, of the displacement vector are shown in Fig 9 and Fig 10, respectively. As a second problem of linear elastic analyses the case of a plane stress distribution on a cracked domain is shown. A strong singularity is present in this case. The problem is defined on a square domain, which by symmetry, represents a half cracked membrane (Fig 11) .
The reference in this case was a standard finite element solution with a fine mesh comporting 16178 degrees of freedom, refined near the singularity point. Figure 12 shows results in global relative error, measured in infinity norm, of the displacement vector obtained with: standard finite element; composite mesh with α = 0.5; and composite mesh α = 4 3 . In spite of the singularity, the composite mesh with α = 4 3 greatly reduces the global error. As a third problem results for a thin plate are shown. In this case, solved by [1] , thin plates modeled by Kirchoff theory, are studied with the composite mesh technique. Again α = 4 3 has been used as participation factor. Figure 13 shows the results for a simply supported square plate with uniform transversal load. The central displacement is compared to that for Figure 11 . Plane stress cracked membrane and one of the FE meshes for the half domain. a 128 × 128 element mesh. Diamonds stands for simple finite element mesh and triangles for the composite mesh. As in the previous examples, a better result has been obtained with the composite mesh for the same problem size.
The composite mesh technique has also been applied to eigenvalue problems. A simple problem of free vibration of a bar in its axial mode has been studied and the results are summarized in figure 14 . The main vibration frequency is plotted vs the mesh size. Two curves are shown, one for a standard finite element and the other for a composite mesh with a participation factor α = 4 3 . It can be seen here again the improvement for the composite mesh results.
APPLICATION OF THE COMPOSITE MESH FOR ERROR ESTIMATION
Using the composite mesh with α = 0.5 the result is worse than that of a simple mesh (α = 1). However the residues at common nodes may serve as error estimators.
We define the residues as Figure 13 . Results for a square simply supported plate. Relative errors in infinity norm for different mesh granularity. ♦ : simple mesh; : composite mesh.
being u * c the solution of eq (2) restricted to nodes of the coarse mesh. It has been observed that residues may give an approximate distribution of the discretization errors. In this case there have been used to detect zones where refine the mesh in adaptive process. Figure 15 shows the map of the exact errors and residues for a Poisson problem on a square domain [5] . As can be seen there is a similar pattern between both maps.
In the same paper a problem with border singularity is treated. In this case a problem on a L-shaped domain is studied. Figure 16 plots the order of the method in the neighborhood of the singularity point. A plot of the exact errors an residues is given in figure 17 .
A problem of a monolith catalytic reactor has been studied in [4] . It is modeled on a square domain by systems of partial differential equations representing the mass and energy balances inside the reactor. One of the unknowns is the concentration of a chemical species inside the reactor. The error in the finite element solution for concentration is shown in figure  18 computed via residues of the composite mesh, and computed with the Zienkiewicz-Zhu estimator [12] . For the problem of cracked membrane ( Figure 11 ) which has also a severe singularity, the residues of the composite mesh has been computed. They are plotted in figure 19 together with a plot of the principal stresses. As expected the residues, marking the discretization errors, are placed in the neighborhood of the singularity.
Finally the application of the composite mesh to a parabolic problem is shown. This case treated in reference [3] and stands over a square domain. A map of the exact errors and the residues is given in figure 20. It can be seen again a reasonable agreement between both plots.
CONCLUSIONS
Some applications of the technique of composite finite element are shown in this papers. This technique easy to apply is based on placing two finite element meshes sharing the problem domain. These component meshes have different intrinsic accuracies and are affected each by a weight or participation factor. The composite mesh has been used for two purposes: to estimate a posteriori discretization errors or to improve our finite element solution.
In the first case, with a simple matrix vector operation involving the vector of nodal values, one can get a map o residues which gives an idea of the distribution of the discretization errors and may serve to conduct adaptive refinement.
In the second case, adopting a suitable participation factor an improved solution may be obtained. Important reduction in the discretization errors may be obtained without any post-processing of the results.
